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The batch cooling solution crystallization of ammonium oxalate was performed in water at various constant cooling rates.
Measurements of the solute concentration were obtained using in situ attenuated total reflectance fourier transform infrared
(ATR-FTIR) spectroscopy, and final estimates of the crystal size distribution (CSD) were computed; thanks to in situ image
acquisition and off-line image analysis. The crystallization process was then simulated using population balance equations
(PBEs). Estimates of the nucleation and the growth parameters were computed through model/experiments fitting.
According to the cooling rate, the PBE model allowed distinguishing between two distinct crystallization regimes, separated
by an ‘‘intermediate regime.’’ The respective contributions and shortcomings of solute concentration measurements and
granulometric data to the identification of nucleation and growth kinetic parameters are analyzed and discussed. It is shown
in particular that no real separate estimation of nucleation and growth parameters can be obtained in the absence of CSD
data. VVC 2011 American Institute of Chemical Engineers AIChE J, 58: 2650–2664, 2012
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Introduction

Batch crystallization is extensively used in chemical and
pharmaceutical industry as a separation and purification pro-
cess, especially when small-scale production of high value-
added chemicals is concerned. The control of batch crystalli-
zation process is essentially intended to improve the crystal
size distribution (CSD) with respect to the processing prop-
erties of the particles, the purity of final crystals, and the
crystal habit and morphology. Indeed, controlling these prop-
erties remains an important industrial issue since most parti-
cle features influence the ease of processing of the particulte
product (e.g., flowability, filterability, caking, or dusting abil-
ity) and many of its quality and end-use properties (e.g., dis-
solution rates, apparent density, hardness, specific area, etc.).
To a large extent, these latter properties, for example, the
defect content (e.g., structure dislocation, solvent occlusions,
etc.) and the chemical purity, also depend on the bulk prop-
erties of the solid. Consequently, there is a clear need to bet-

ter understand how operating parameters like solvent compo-
sition, supersaturation and temperature profiles, concentration
of impurities, hydrodynamics, etc. can affect the final prod-
uct properties.

Appropriate dynamic models describing industrial crystal-
lization processes are expected to allow analyzing and under-
standing the advancement of basic crystallization phenomena
(e.g., nucleation and growth) and therefore to develop
improved operating strategies. The goal of these strategies is
of course to enhance both the quality of the final product
and the productivity of the batch operations in question.
Many significant examples of this kind of approach were
reported recently.1–6 Among other topics, the article raise
two major questions:

(1) As far as process development is concerned, how
about estimating reliable nucleation and growth kinetic pa-
rameters?

(2) How can advanced dynamic crystallization models be
used for targeting desired final CSDs?

For two different aqueous systems (paracetamol and potas-
sium dichromate), the aforementioned articles demonstrate
the possibility of designing seeding strategies that enabled
prespecified multimodal CSDs to be obtained. A key to such
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innovative experimental applications is the joint use of
advanced mathematical and numerical tools for modeling the
distributed systems involved (i.e., population balance equa-
tions, PBEs) together with efficient process analytical tech-
nologies (PATs) offering powerful means of monitoring the
dynamic behavior of the same processes. Compared with
such articles, the present work does not deal with process
control; it is rather intended to shed some light on important
aspects of the estimation of crystallization kinetic parame-
ters. Nagy et al.3 compared the performances of ‘‘standard
metastable zone width (MSZW) methods’’ with the effi-
ciency of a method based on a simplified dynamic model of
the crystallization process. The modeling approach combines
PBEs, concentration measurements using ATR-FTIR spec-
troscopy, and particle size distribution measurements using
focused beam reflectance measurements (FBRMs). As one
could expect, the latter method is much more efficient and
reliable in estimating nucleation and growth parameters.

This article reports results of a study of the cooling solution
crystallization of ammonium oxalate (AO) in water. It follows
a previous article comparing four versions of ‘‘classical’’ sim-
plified approaches of MSZW or induction time measure-
ments.7 The rough assumptions made with these methods
were shown to allow some predictions of the onset of detecta-
ble nucleation (which should not be mixed up with the onset
of primary nucleation). However, no reliable prediction of the
number of particles generated when the limit curve of meta-
stable zone is reached could be made using these methods.

This second article addresses again on the problem of ki-
netic parameter estimation. ATR-FTIR measurements of con-
centration and infrequent CSD data are now used for estima-
tion purposes. The CSD data were acquired using in situ
image acquisition. The objective is to estimate possible con-
comitant and/or successive nucleation mechanisms. In the
particular case of the crystallization of AO in water, it is
shown that difficulties can be raised by changes in the crys-
tallization mechanisms, depending on the operating condi-
tions (the cooling rate in the present case).

In fact, during the last 15 years, the significant develop-
ment of in situ online measurement techniques for monitor-
ing crystallization processes allowed many progresses
regarding the control of both the quality and reproducibility
of particulate products.8–10 In the field of pharmaceutical de-
velopment and production, the ‘‘PAT’’ initiative of the FDA
8,11 is a good illustration of the expectations and successes
associated to a better control of industrial crystallizers. From
a more academic point of view, continuous and in situ mea-
surement tools made it possible to obtain refined experimen-
tal results and allowed advanced modeling and control
approaches to be developed. Former approaches were usually
based on infrequent off-line suspension samples, but sam-
pling and analyzing crystallizing suspensions remains a com-
plex and poorly reliable process, which is also limited by the
restricted number of possible measurements.

Many innovative applications of PATs to crystallization
processes for the development of advanced monitoring, mod-
eling, and control strategies are reported in the literature.
From an industrial point of view, mastering the final CSD is
clearly a major issue, which has been the subject of many
studies in the past. Supersaturation control, nucleation, and/
or dissolution control studies constitute the major part of this
kind of applications which, in turn, are mostly based on opti-
mal or pseudo-optimal temperature tracking. As an example
of recent innovative studies, Aamir et al.2 demonstrate

experimentally the possibility of targeting desired final CSD
through the design of optimal seed parameters. Indeed, as far
as designing kinetic crystallization models are concerned,
many parameters have to be identified. Unfortunately, the
relevance and the significance of parameter estimation tech-
niques in the mathematical framework of highly nonlinear,
nonstationary, and strongly coupled phenomena such as
nucleation, crystal growth, or agglomeration remain ques-
tionable. Few studies were actually devoted to this question
(see, e.g., Refs. 12–14). Despite the importance of the problem
of parameter sensitivity and ‘‘identifiability,’’ many authors
still have recourse to old and relatively rough methods for
estimating nucleation parameters, which theoretical bases are
questionable. For example, measurements of induction times
and MSZW aiming at evaluating the kinetics of nucleation
remain largely practiced in the crystallization engineering
community.15–17 It therefore seems very important to raise
the following question: as far as in line sensors are now
made available for kinetic parameters identification purposes,
what is exactly the necessary information for appropriate
crystallization kinetic parameter estimation? In particular, is
it essential to have available measurements of both liquid
and dispersed solid phases in presence? This article is
intended to bring some answers to these questions related to
the design of relevant measurement strategies.

AO monohydrate dissolved in water was selected here as a
model-system. Previous workers have thoroughly investigated
the crystallization of AO.18–20 The mechanisms and kinetics
of crystal growth and nucleation were studied, and the effect
of some cationic impurities on the nucleation and growth
processes was also investigated.21–24 However, the published
models are derived from specific experiments assuming that
crystal nucleation and crystal growth do not occur simultane-
ously. The corresponding rates are usually estimated from sin-
gle crystals experiments at fixed temperature and/or constant
supersaturation,19 which lead to strongly limiting constraints.
Moreover, in many cases, the nucleation parameters are char-
acterized from induction time or MSZW measurement meth-
ods.18,25 Because of their simplicity and to the very restrictive
hypotheses made, these latter methods present weaknesses
and approximations which justify their call into question.

Through the batch cooling solution crystallization of AO
experiments performed at different cooling rates, this work
is focused on the development of experimental and numeri-
cal protocols for estimating nucleation and growth kinetics,
as well as on the development of suitable models for process
development and optimization purposes. During this study,
in situ image acquisition and ATR-FTIR spectroscopy were
used for real-time process monitoring. Models describing the
dynamic behavior of the crystallization process were
designed, thanks to the mathematical framework of PBEs.
The nucleation and growth kinetic parameters were then esti-
mated using ‘‘standard’’ nonlinear numerical optimization
techniques (i.e., through the minimization of quadratic crite-
ria quantifying the difference between the experimental data
and the model-predicted ones).

PBEs

Crystal growth rate

PBEs are widely used as a modeling framework in the
engineering of dispersed media, with applications including
crystallization, powder technologies, polymerization proc-
esses, biotechnologies, etc.26–29 In most published
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crystallization, PBE modeling works on the crystal growth
rate G, which is assumed not to depend on the particle size
(McCabe’s hypothesis) but essentially on supersaturation.
Several expressions of supersaturation may be defined,
according to the theoretical background of the study. The
following equations define both the relative supersaturation
r(t) and the supersaturation ratio b(t), which both are dimen-
sionless variables used in kinetic models

r tð Þ ¼ C tð Þ � C� Tð Þ
C� Tð Þ (1)

b tð Þ ¼ C tð Þ
C� Tð Þ (2)

The following expression can also be used as an expression of
the crystallization driving force

DC tð Þ ¼ C tð Þ � C� Tð Þ (3)

where C* is the equilibrium concentration (i.e., the solubility
of the solid crystallizing compound in a given solvent) and
C(t) is the solute concentration.

The growth of crystals from solution is a complex process.
Depending on the solute-solvent system in question, many
steps may be involved during the crystal growth (e.g., bulk
and surface diffusion, solvation, integration, etc) and this is
the reason why ‘‘standard’’ models used to represent the
growth process are more or less comprehensive and approxi-
mate.30–32 The crystal growth rate is usually approximated
as the rate at which a specific or an average characteristic
size L of crystals increases

G tð Þ ¼ dL

dt
(4)

Many expressions of the crystal growth rate were formulated.
For example, the celebrated Burton, Cabrera, and Franck
(BCF) screw dislocation model was proposed in 1951.33 The
following expression can be used to represent various growth
mechanisms, according to appropriate parameters c and D

GBCF tð Þ ¼ dL

dt
¼ c

bðtÞ � 1ð Þ2

D
tanh

D

bðtÞ � 1

� �
(5)

The BCF model roughly corresponds to the following orders
of supersaturation dependency

G / r2 for low values of r and 9rc with G / r for r > rc

(6)

Experimental results describing the linear growth rates of AO
monohydrate [(NH4)2C2O4�H2O; AO] crystals were previously
published by Mielniczek-Brzóska and Sangwal.31 The crystals
were grown through constant-temperature or constant-super-
saturation processes at 30 and 40�C in the supersaturation
range of 1–9%. The supersaturation dependence of the growth
rate was found to obey a parabolic law, which roughly
speaking is consistent with model (5) for low supersaturation
values.

First principle models like Eq. 5 should not necessarily be
used when dealing with process engineering studies. Because
of their simplicity and to the limited number of parameters
involved, basic phenomenological models are currently
applied despite their lack of physical meaning. Such models

usually assume power supersaturation dependency like the
following

GðtÞ ¼ kgrðtÞj
(7)

where exponent j is likely to depend on the involved growth
mechanism(s) and, in particular, on the level of super-
saturation. In practice, consistently with current theoretical
models, most published values of j are given between 1 and 2
and kg is a temperature-dependent growth parameter.

Crystal nucleation rate

Many primary and secondary nucleation models are avail-
able in the literature. The following expression of primary
homogeneous nucleation is derived from the classical nucle-
ation theory (CNT). This latter model will be used in the
sequel to simulate primary homogeneous nucleation occur-
ring during batch unseeded cooling crystallization of AO

RN1
tð Þ ¼ Ahom exp

�Bhom

T3ðLnbÞ2

" #
(8)

Theoretical expressions of parameters A and B can be found in
the literature.34,35 The following expressions are typically
used, according to the mechanism involved

Bhom ¼ 16pm2
0c

3

3ðkTÞ3
(9)

Ahom;D ¼ D kT

m2
0c

� �1=2

N AC� ln b (10)

Equation 10 corresponds to diffusion controlled nucleation,
whereas the following expression is used to describe
nucleation controlled by interface transfer

Ahom;I ¼ D c
kT

h i1=2 4p
3m0

� �1=3

N AC� (11)

When heterogeneous nucleation is the predominant mechan-
ism, parameter B is given by the following expression

Bhet ¼ D 16p m2
0 c3

eff

3ðkTÞ3
(12)

where T is the absolute temperature (K), D is the diffusivity of
the solute (m2/s�1), m0 is the solute molecular volume, c is the
crystal-liquid interfacial energy (J/m2), and k is the Boltzmann
constant (J/K1).

Expressions (9) and (12) differ in the value of the interfa-
cial energy: when heterogeneous nucleation takes place, c is
then replaced by ceff, which is usually significantly smaller.

Secondary nucleation is also likely to take place during
the crystallization of AO. This latter mechanism is usually
considered to be promoted by increasing amounts of solid in
suspension, even though numerous phenomena can be
referred to as secondary nucleation (initial breeding, attrition,
etc.). These phenomena were the object of intense researches
during the past decades.34–36 Many knowledge-based models
were proposed that cannot always easily be identified and
which are likely to occur simultaneously. For the sake of
simplicity, secondary nucleation phenomena are represented
below using a phenomenological kinetic equation accounting
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for the dependence of the secondary nucleation process upon
the supersaturation, the energy dispersed through stirring ea,
and the concentration of solid in suspension Cs(t)

RN2
ðtÞ ¼ ASN Cs tð Þk r tð Þ i en

a (13)

For the sake of simplicity, parameter ASN is considered
constant in the range of experimental temperature used in this
study. Values of exponent k and i are expected between 0 and
2. The input agitation power will not be considered in this
work because the stirring rate was kept constant during the
experiments.

Monodimensional PBEs modeling of the cooling
crystallization process

Supersaturation is the driving force of crystallization.
Computing b(t) requires measurements of the solute concen-
tration C(t) during the crystallization process. Actually, the
decrease of C(t) is caused by the generation of crystals as
the molecules of solute initially present in the liquid phase
are transferred through crystallization to the dispersed solid
phase. The total amount of solid can therefore be computed
from the total volume of particles computed through the
integration of the whole CSD

Cs tð Þ ¼
qsup

Ms

Z1
L�

w L; tð Þ L3dL ffi
qsup

Ms

Z1
0

w L; tð Þ L3dL (14)

where w(L,t) is the number population density function of
particles with size L, qs (kg/m3) and Ms are the density and the
molecular weight of the solid compound, up is a volumetric
particle shape factor (e.g., p/6 in the ‘‘ideal’’ case of spherical
crystals).

A mass balance of the solute consumption allows comput-
ing C(t) at each time step and consequently yields r(t)
through Eq. 1, provided that experimental data about the sol-
ubility curve C*(T) are available. In the following, the crys-
tallization is assumed to take place in a perfectly mixed
batch reactor and crystals are assumed to be generated
through nucleation phenomena only. According to the classi-
cal nucleation theory (CNT), the size of initial particles gen-
erated in the dispersed phase is the critical size L* which is
neglected in the following (i.e., from a purely numerical
viewpoint). Moreover, for the sake of simplicity, agglomera-
tion or breakage processes are neglected in the sequel.
According to Eq. 14, the amount of solid generated though
the crystallization of particles depends on the size, but also
on the shape which is approximately described by the shape
factor up. Knowledge of the shape factor obviously deter-
mines the consistency between the concentration trajectory
C(t) and the time variations of the CSD. Now, as outlined
below, it is clear that 2D image analysis allows measuring
two main sizes (i.e., the length, L and the width, W) in a
rather reductive way, not only because the ratio L/W is
actually randomly distributed and evolves during the batch
process as a function of L(t) but also because measuring L is
not really straightforward. According to their space-orienta-
tion in the video measurement cell, the AO anisotropic par-
ticles exhibit unpredictable apparent length La such that,
obviously, La � L. Using an average shape factor can
improve the ability of up to relate the volume of solid, but
such a correction will by no means account for other random
effects such as the apparent size reduction resulting from the

projection of 2D images of the real crystals. It was not the
goal of this study to investigate more deeply the way of
computing reliable size data from 2D image analysis. As
outlined in the following, the accuracy of the estimated ex-
perimental CSDs used for the identification procedure remain
rather poor, but despite their limitations, these data were
undeniably valuable for successful parameter estimation pro-
cedure. An average value of the shape factor was evaluated
from video pictures taken during experiments randomly
selected in the whole range of cooling conditions. More than
1500 particles of different sizes were used for the calculation
of the average shape factor. Assuming that the particles are
parallelipipedic with square basis, the width w of the square
section was evaluated to be roughly equal to L/5, where L
was assumed to be the length defined by Eq. 4. up was
therefore set to 1/25 in PBE model.

Perfect mixing of the suspension implies that the number
density function does not depend on external space coordi-
nates. The following boundary conditions link the nucleation
rate(s) of crystals to the overall particle number. In the case
of monodimensional particles, the previous assumptions lead
to the PDE (15) describing the time variations of the CSD,
where w(L,t) is the number population density function
(PDF) of crystals of size L, at time t

@wðL; tÞ
@ t

þ GðtÞ @wðL; tÞ
@L

¼ 0 (15)

wðL; 0Þ ¼ 0 (16)

wð0; tÞ � wðL�; tÞ � RNðtÞ
GðtÞ (17)

RN(t) is the overall rate of nucleation expressed in # s�1 m�3

(i.e., the sum of primary and secondary nucleation
phenomena).

A simplified method of characteristics (MOCs) was
applied during the study to solve numerically the PBEs.37

Indeed, the low computation time of the MOC appeared
suitable with further applications of nonlinear optimization
techniques to the estimation of kinetic parameters.

Identification of the kinetic parameters of the
crystallization process

It is obvious that, as far as quantitative kinetic crystalliza-
tion studies are concerned, the experimental data should pro-
vide enough information to enable the evaluation of several
simultaneous and coupled phenomena. In practice, it is very
difficult to ‘‘isolate’’ these latter phenomena (i.e., to make
specific observations of every single phenomenon such as
homogeneous or heterogeneous nucleation and growth), or at
least to separate their respective contribution to the overall
crystallization process. An example of this difficulty is given
below where it is shown that even accurate measurements of
the time variations of solute concentration do not allow esti-
mating the nucleation rate. This shortcoming arises from the
fact that experimental CSD data are essential to make the
distinction between nucleation and growth effects in the
overall solute consumption.

Now, assuming that appropriate data describing both the
dispersed and the continuous phase are available, estimates
of the parameter values can be obtained through the minimi-
zation of the quadratic error between experimental data and
model predictions. The optimization procedure used in the
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following is based on the following weighted non linear
quadratic criterion

Jðt; n; hÞ ¼ min

 XNexp

n¼1

�
1

tn;end

Ztn;end

t¼0

~Cn t; hð Þ � Ĉn tð Þ
� �2

dt

þ k
Xkmax

k¼0

~u
k
ðLk; hÞ � û

k
ðLkÞ

�2�!
ð18Þ

"

with h1 ¼ kg; j; Ahom; Bhom

� �
or h2 ¼ kg; Ahom; Bhom;ASN; i ; k

� �
(19)

where n [ [0, Nexp] is the index of one given experiment used
for the estimation of the vector of parameters y (Nexp

experiments are gathered in the estimation procedure); tn,end

is the duration of the nth experiment; k is the index of a given
class of particle size (k [ [0, kmax]); uk is the number of
particles belonging to the class of average size Lk and k is a
weighting factor introduced to balance the influence of the two
variables (i.e., the ‘‘almost continuous’’ concentration profile
and the discretized size distribution histograms) determining
the final optimal value of J(y). In practice, k was set
empirically such that a posteriori plots of the model/
experiments supersaturation and final CSD profiles appeared
satisfactory. Moreover, notations ^ and~refer to the measured
and model-predicted variables, respectively.

The optimization problem was solved using fmincon from
the MATLAB

VR

optimization toolbox. Equation 19 indicates
that two parameter vectors were successively submitted to
the identification procedure, depending on the experimental
complexity of the nucleation process. As explained in the
following (see also Table 1), h1 corresponds to parameter
estimations performed when solute concentration measure-
ments were only used as experimental data. In this case, the
basic primary nucleation mechanism described by Eq. 8
enabled a very accurate simulation of the measured solute
concentration. Nevertheless, as shown below, the predicted
particle sizes were significantly underestimated.

The enlarged parameter vector h2 accounts for secondary
nucleation mechanisms and was used when CSD data were
included in the experimental data set. As outlined in the fol-
lowing, secondary nucleation appeared to be the only way of
reproducing the CSD reconstructed from final in situ image
analysis. Parameters ASN, i, and k are defined by Eq. 13. In
the same equation, the contribution of stirring to the second-
ary nucleation process was not involved because the stirring
rate was kept constant.

Experimental

Materials

AO monohydrate particles were used in the crystallization
experiments. AO was available from Acros Organics with a
purity level of 99þ%. The crystallized product was used as
received, without further purification. Distilled, deionized,
and degassed water was used as solvent.

Batch crystallizer set up and in situ
characterization techniques

A 3-L glass vessel equipped with a jacket and a condenser
was used for the experiments. Stainless-steel baffles and a
high efficiency propeller (Mixel TT TM) were set to main-
tain a good homogeneity of particles in the slurry. The
bench-scale plant was instrumented and computer-controlled
to allow tracking set-point temperature trajectories. Cooling
was performed by means of heat transfer through the jacket
wall: the temperature was controlled by manipulating auto-
matically the set-point temperature of a heating bath contain-
ing water and glycol with an accuracy of �0.5�C. The jacket
is baffled and equipped with a pump forcing the circulation
to improve the heat transfer capacity. All experiments were
performed with constant cooling rates and terminated by a
isothermal period at 20�C.

In situ concentration measurements were performed using
the infrared spectrometer ‘‘MATRIX-F’’ manufactured by
Brucker Optik GmbH, equipped with ATR-diamond immer-
sion probe (diamond prism with two reflexion angles of
45�). The ATR probe was connected to the spectrometer

Table 1. Optimal Nucleation and Growth Kinetic Parameters: Observation of Two Different Crystallization Regimes,
Depending on the Cooling Rate

Equations: (8) (13) (7)
Crystallization

Regime (Depending
on dT/dt)

Ahom

(#.m�3/s1) Bhom (�) ASN i k kg (s/m�1) j
Nucleation
Mechanism

1.1 R1
† (dT/dt 	
�12�C/h)

5.05 
 106 3.83 
 106 – – 0 2 
 10�5‡ 1 RN1

1.2 R2
† (dT/dt �
�20�C/h)

2.9 
 104 2.78 
 106 – – 0 2 
 10�5(‡) 1 RN1

2.1 R1
§ (dT/dt 	
�12�C/h)

3.52 
 107 4.11 
 106 1.41 
 109 1.36 1.86 2.56 
 10�5 1 RN1
þ RN2

2.2 R2
§ (dT/dt �
�20�C/h)

6.7 
 107 7.05 
 106 1.40 
 109 1.36 1.77 2.74 
 10�5 1 RN1
þ RN2

Confidence
intervals (95%):

R1 � 0.83 
 107

(� 23.6%)
� 0.1 
 106

(� 2.4%)
� 2.3 
 109

(� 16.3%)
� 0.15

(� 11%)
� 0.07

(� 3.8%)
� 0.23 
 10�5

(� 9%)
R2 � 1.41 
 107

(� 18.7%)
� 0.11 
 106

(� 1.5%)
� 8.4 
 109

(� 60%)
� 0.11 �

(6.2%)
� 0.067

(� 3.7%)
� 0.71 
 10�5

(� 6.7%)

The experimental results were not found to be reproducible in the intermediate region (i.e., for �12�C/h [ dT/dt [ �20�C/h). The experimental solute concen-
tration profile was fitted to the simulated one.
†Estimations performed using concentration measurements only.
‡The growth rate constant was fixed to kg ¼ 2 
 10�5 m/s such that the final maximum particle size was consistent with real crystals (i.e., between about 1 and
4 mm, depending on the cooling rate).
§Estimations performed using both concentration and granulometric data.

8>>>>>>>>>><>>>>>>>>>>: 8>>>>>>>>>>>>><>>>>>>>>>>>>>: 8>>>>><>>>>>:
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through an optical fiber. The measurement cell, the optical
conduit, and the probe were purged using nitrogen to avoid
irreproducible spectra due to the sensitivity of the measure-
ments to the time variations of the concentration of water
and carbon dioxide in the ambient air. The source of light
was a polychromatic laser emitting in mid-IR. The detection
was performed by a MCT detector cooled with liquid nitro-
gen. The resolution of the detection was set to 4 cm�1. The
acquisition of the IR spectra was performed with a sampling
period of 30 s during which the calculation of an average
spectrum was obtained from 32 scans. The principle of the
concentration ATR FTIR measurements will therefore not be
recalled here: the calibration procedure was widely published
in the past.38–42 After validation, the calibration model was
used to evaluate the time variations of supersaturation; as
displayed in Figure 1 the reproducibility of the measure-
ments was satisfactory. The solubility curve displayed in
Figures 4–6 was obtained using continuous ATR-FTIR
measurements. As already reported43: thanks to slow cooling
and heating of AO suspensions, very low levels of super-
and under-saturation can be covered such that the two meas-
ured curves can be made as close as possible. The unique
curve finally obtained or the average of the two curves was
then assumed to fit the solubility.7

In addition to the in situ FTIR measurement of solute con-

centration, the CSD of the final product was evaluated

through image analysis. The ‘‘EZProbe,’’44 an in situ imag-

ing probe developed at the University of Lyon was used for

the video monitoring of the crystallizing slurry. The imaging

probe allowed real time acquisition of 2D images of AO par-

ticles during the batch process, as shown in Figure 2. Size

measurements were performed for each discernible crystal

with a minimum sample of 900 crystals per CSD analysis.

Because of the time required by the processing of the video

pictures, only final size distributions were actually computed

for each experiment.

It is clear that obtaining in situ CSD measurements is of
tremendous interest for monitoring crystallization operations
as well as for process development and control purposes.
This is why a significant research effort is actually devoted
to the development of 2D and 3D strategies that would ena-
ble the reconstruction of CSDs from in situ video pic-

tures.45–47 However, measuring the CSD though image proc-
essing is not an easy task. Several reviews of the most chal-
lenging problems raised by in situ image analysis can be
found in the literature.48,49 In fact, many problems remain
unsolved which are notably due to the difficulty of differenti-
ating overlapping or fuzzy particles, even for slightly dense
suspensions (say, for solids content below 6–8%). The anisot-
ropy of particles also induces significant uncertainties as the
apparent sizes depending on the projected crystal faces and,
consequently, on the space orientation of the particles. The
range of measurable particles is also limited. In particular,
three main size effects should be outlined: (1) The biggest
crystals are more likely than the small ones to stick out from
the frame of the picture so that their number is unavoidably
underestimated; (2) because of the limited optical and numeri-
cal resolution of the images, crystals with size smaller that 5
lm cannot be distinguished, and crystals between about 5 and
10 lm are very difficult to characterize; (3) as a general rule,
small crystals are likely to be masked by bigger ones so that,
again, their number is underestimated.

It is not the goal of this study to deal with the many diffi-
culties arising from the measurement of particle sizes
through image analysis. Several applications were reported
by the group, which were only claimed to bring partial and
imperfect solutions applicable for monitoring specific partic-
ulate systems: the automatic monitoring of the crystallization
of rather spherical but fuzzy particles42,44 and the automatic
monitoring of anisotropic crystals.50 In the following, the
processing of suspension pictures were performed for low
solid contents using the image processing algorithm pro-
posed by Ahmad et al.50 When the automatic procedure was
found to be inefficient because of excessive solid contents,
the results were corrected through manual operations. More
comments about the limitations of the CSD measurements of
AO particles will be made in the following.

Experimental procedure for linear batch
cooling experiments

For the sake of industrial applicability, the experimental
design was focused on the joint investigation of the

Figure 1. Example of supersaturation profiles measured
during AO crystallization in water performed
at two cooling rates (27 and 220�C/h).

The two sets of two runs show the reproducibility of the

process and of the ATR-FTIR measurements. [Color

figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. (a) Typical pictures of AO crystals acquired
using the in situ video probe during batch
experiments performed with two different
cooling rates: (1) ‘‘low’’ cooling rate: dT/dt 5
210�C/h and (2) higher cooling rate: dT/dt 5
225�C/h.

(b) SEM pictures of crystals withdrawn at the end of the

batch cooling process.
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nucleation and growth kinetics of AO monohydrate during
batch cooling runs. Indeed, one cannot reasonably expect
industrialists to investigate crystallization systems through
‘‘academic’’ laboratory experiments (e.g., using specific
growth-cells operated in such a way that nucleation can be
neglected). This is why estimating the whole set of kinetic
crystallization parameters through ‘‘usual’’ batch experiments
appears as an attractive objective. However, a major objec-
tion to such an approach lies in the fact that many industrial
crystallization operations often exhibit unpredictable behav-
ior. This is particularly true for the onset of primary nuclea-
tion. Erratic onset of nucleation explains why seeding is gen-
erally assumed to be way of circumventing the nonstationary
features of crystallization systems. Fortunately, with the
present system the reproducibility of unseeded batch experi-
ments was satisfactory and allowed acquiring reproducible
experimental data. For example, it can be seen in Figure 1,
that the onset of primary nucleation was reproducible.

AO undersaturated solutions were prepared by dissolving
analytical grade AO monohydrate in 1800-mL water. The
initial AO concentration (C0 � 0.1 kg/kg solvent) was meas-
ured accurately. To ensure complete dissolution, the suspen-
sions were heated several degrees higher than the saturation
temperature (323 K) and maintained for at least 2 h at this
temperature. The completion of the dissolution was checked
using both ATR-FTIR and image acquisition. Linear cooling
experiments were then performed at varying constant cooling
rates, namely: R ¼ �dT/dt ¼ 2, 5, 7, 10, 12, 20, 25, and
30�C/h. For the sake of repeatability, at least three experi-
ments were performed for each cooling rate. Cooling was
stopped at 293 K and followed by a period of stabilization
of 3 h at this latter temperature. Suspension samples were
then withdrawn at 293 K, filtered off and dried for optical
microscopy and SEM investigation.

Parameter Estimation and Simulation Results

Some questions about estimating crystallization
parameters using concentration measurements only

The relevancy of studies devoted to the kinetic estimation
and modeling of crystallization processes when no CSD data
is made available (i.e., even average or partial experimental

data about the dispersed phase) are now questioned. As

expected, Figure 1 shows that increasing cooling rates widen

the apparent MSZW and increase the maximum relative super-

saturation (see also Figure 5). Is it realistic to expect any rele-

vant estimation of both nucleation and growth kinetic parame-

ters from solute concentration measurements only? A priori, it

does not seem reasonable to base the characterization of the

many coupled phenomena involved during the crystallization

process on concentration measurements only because such ex-

perimental information does not provide quantitative data

about the number of particles. It can be argued, for example,

that many slowly growing particles (high nucleation rate can

occur together with slow growth rate) could lead to the same

solid consumption as few rapidly growing crystals. Conse-

quently, identical concentration trajectories could be repro-

duced using different sets of kinetic parameters and yield dif-

ferent final simulated CSD profiles.
On the other hand, there exists a one-to-one relationship

between the [T(t), C(t)] point where the concentration starts
to decrease during a given batch cooling process (i.e., this
point is usually referred to as the ‘‘limit of metastable
zone’’), and the value of parameter Bhom. In other words, the

onset of significant primary nucleation burst can only be
reproduced, thanks to a single value of Bhom. As shown
below, it was observed that the ‘‘best’’ PBE simulation of
the experimental concentration trajectory was obtained with
parameters predicting excessively small particle sizes. To
illustrate this point, Figure 3a displays an exact fit of meas-
ured and simulated solute concentration profiles for a batch
experiment performed with a cooling rate dT/dt ¼ �7�C/h.
It appears clearly that the simulation reproduces unrealistic
final particle sizes of the order of 10–20 lm: in Figure 3d
the final average particle size is 10 lm while it was experi-
mentally observed to be of the order of several hundreds of
micrometer.

Actually, there exists an infinity of ‘‘pseudo-optimal’’
binomials (Ahom, kg) leading to the exact representation of a
given experimental supersaturation profile. This fact is illus-
trated in Figure 4 where simulation results are displayed for
three different values of parameter Ahom. It appears that set-
ting any value of Ahom is compatible with the exact fit of
solute experimental concentration profiles. Three perfectly
superimposed simulated and experimental C(t) curves are
displayed in Figure 4a where decreasing values of Ahom are
combined with increasing values of the growth rate constant
kg (curves 1 till 3 in Figure 4)

To shed some light on the relationship between Ahom and
kg, Appendix shows that when the crystallization process is
assumed to be initiated through primary nucleation only, an
‘‘exact’’ fit of the measured concentration trajectory is
obtained for a single product Ahom kg

3, whatever the value of
Ahom. This implies that without additional information on the
real distribution of particles sizes, nucleation and growth
kinetics remain so closely ‘‘intricate’’ that they cannot be
separated. The solute concentration data does not ‘‘contain’’
enough information about the mechanisms responsible for
the generation of new particles over time, and information
about the ‘‘true’’ particle size is therefore essential. The opti-
mization results presented in Figure 4 strengthen and clarify
this idea that no identification of both Ahom and kg is possi-
ble without CSD data. As far as induction time techniques
are concerned, it follows that as these methods do not
account for any explicit information about the growth rate or
the time variations of the CSD (except very vague assump-
tions about the amount and/or the size of solid particles
observed when the metastable zone limit is supposed to be
reached) one cannot expect relevant estimation of the nucle-
ation rate to be obtained.

It can also be concluded from Figure 4 and Appendix that
during the parameter optimization procedure, setting any a
priori erroneous value of parameter kg will not keep the
algorithm to converge towards a single ‘‘optimal’’ value of
product A kg

3. In the absence of additional experimental in-
formation, the ‘‘real’’ value of parameter kg was arbitrarily
set to 2.10�5 m/s in the following. kg ¼ 2.10�5 m/s cannot
be considered as the best estimate of the growth rate param-
eter, but is was set such that the final maximum simulated
particle sizes roughly correspond to the real crystals.

The previous observations agree with Nagy et al.3 who
showed that nucleation and growth kinetics cannot simulta-
neously be estimated from simple metastable zone experi-
ments. Actually, unlike MSZW methods51,52; the authors3

showed that the estimated kinetic parameters remain uncer-
tain when the growth rate of crystals is not taken into appro-
priately account through the use of a dynamic model of the
crystallization process. It should also be noted that, whatever

2656 DOI 10.1002/aic Published on behalf of the AIChE September 2012 Vol. 58, No. 9 AIChE Journal



the way of interpreting MSZW or induction time measure-
ments, the boundary condition of Eq. 17 indisputably states
that both the nucleation and the growth rate (i.e., the ratio
RN/G) determine the number of generated particles. One can-
not therefore reasonably expect any estimation strategy to go
without experimental information about the two terms in
question.

In this context, this study is also a contribution to many
previous experimental studies suggesting the two main
following ideas: (1) multiple (in both terms of measured
parameters and measurement frequency) and advanced ex-
perimental data are essential to the identification of true
crystallization kinetic parameters; (2) at least one experimen-
tal parameter quantifying the CSD should be made available

Figure 3. Batch cooling AO crystallization performed with dT/dt 5 27�C/h.

Simulation of key-process variables using the optimal set of parameters estimated assuming that primary homogeneous nucleation

is the only mechanism of particle generation. (a) The simulated and experimental concentration profiles C(t) are almost exactly

superimposed (solid line ¼ simulation, dashed line ¼ measured). [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 4. ‘‘Optimal’’ simulation of the concentration profiles during batch cooling operations performed with a
cooling rate of 210�C/h.

Bhom¼ 3.83 
 106 is constant for the three simulated runs, three values of the growth rate constant are set to kg1 ¼ [4.86 
 10�6

m/s (1), kg1/3
(2), kg ¼ kg1/30

(3)]. Ahom is optimized to the simulated solute concentration trajectory to fit the measurements [dotted

line in (a)]. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal September 2012 Vol. 58, No. 9 Published on behalf of the AIChE DOI 10.1002/aic 2657



for appropriate estimation of both nucleation and growth
kinetics.

Moreover, as far as the particular case of the crystalliza-
tion of AO in water is concerned, the identification results
presented below suggest that the reliability of crystallization
parameters estimated from batch-wise experiments should be
brought into question when varying operating conditions are
dealt with. Indeed, it is shown in the following that the sys-
tem under investigation exhibits various kinetic behaviors
depending on the rate of generating supersaturation.

Crystallization parameter estimation based on
experimental solute concentration profiles

Despite the previous pessimistic conclusions about the
impossibility of estimating the ‘‘true nucleation parameters’’
in the absence of crystal size data, it is clear however that
continuous measurements of the solute concentration provide
more valuable information than ‘‘standard’’ MSZW methods.
Indeed, in the latter case, the experimental data simply allow
‘‘interpreting’’ the onset of a bifurcation in the solute con-
centration trajectory which is then interpreted in terms of
nucleation rate (i.e., the rather subjective and approximate
observation of apparent nucleation burst). Thanks to ATR-
FTIR measurements, the available continuous in situ meas-
urements contain much accurate and comprehensive informa-
tion than MSZW measurements. One can therefore reason-
ably expect online concentration measurements reported here
to allow improved estimation of crystallization kinetic
behavior.

To clarify this point, Figure 5 presents the experimental
and computed time variations of solute concentration meas-
ured during five runs performed with varying cooling rates.
The simulated results were obtained as explained earlier.
Here, the parameter estimation procedure was based on
ATR-FTIR in situ concentration measurements only. At low
cooling rates, the simulated concentration profiles fit satisfac-
torily the experimental data. It should be noted that the phe-
nomenological Eq. 7 did not call for particular refinement.
In particular, reproducing the overall dynamics of the pro-
cess did not require to account for the effect of temperature
on the growth kinetic constant kg. Parameter j relates the
effect of supersaturation on the growth rate G(t). Setting 0 �
j � 2 in the optimization procedure (see Eq. 19) led to a
preliminary estimation of the parameter vector y with j ¼

1.05. The exponent j ¼ 1 might be attributed either to a first
order growth rate (e.g. linear part of Burton-Cabrera-
Franck’s growth model, as explained with Eq. (6)) or to pre-
vailing diffusive limitation, but given the low viscosity of
water and the high stirring rate set during the experiments,
diffusive limitations around the growing particles are rather
unlikely. The crystal growth rate was therefore assumed to
be limited by a first-order integration mechanism and j was
set to 1 in the following. The other estimated kinetic param-
eters are given in Table 1 (lines 1.1 and 1.2).

It is interesting to note that exponent j ¼ 2 was previously
reported by Mielniczek-Brzóska and Sangwal53 for the
growth of AO at low levels of supersaturation (i.e., 1.01 �
bmax � 1.09). However, according to the BCF model, this
latter result does not prevent j from tending to 1 under
higher levels of supersaturation. During this study, the maxi-
mum degree of supersaturation was higher: 1.1 � bmax �
1.2, which could explain the shift of j.

The identification procedure was first tried using a set of
experimental results straggling upon the whole range of
operating conditions (i.e., with 5�C/h � dT/dt \ 30�C/h). It
did not seem to be possible to converge toward a unique set
of kinetic parameters. After analyzing the MSZW estimated
from the concentration profiles, it appeared that two nuclea-
tion regimes were likely to take place, according to the cool-
ing rate.7 The kinetic identification was therefore performed
after splitting the set of experiments in ‘‘slow’’ and ‘‘fast’’
cooling runs. Such an approach was successful and allowed
to estimate two sets of kinetic parameters which are referred
in the following to as ‘‘regime R1’’ (line 1.1 in Table 1, for
dT/dt 	10�C/h) and ‘‘regime R2’’ (line 2.1 in Table 1, for
�30�C/h \ dT/dt �20�C/h).

Without CSD data, accounting for the continuous genera-
tion of new particles through secondary nucleation was not
necessary to represent the solute consumption. For both
regimes, introducing Eq. 13 in addition to the primary nuclea-
tion expression (8) was useless as it did not allow improving
the fit between the experimental and the simulated concentra-
tion trajectories. Figure 6 displays examples of model versus
experimental results obtained without simulating secondary
nucleation. The related predictions of the time variations of
primary nucleation rates are also presented in Figure 5b. The
second and third concentration curves related to both cooling
rates �5 and �10�C are almost superimposed, even though

Figure 5. (a) Solubility curve C*(T) of AO in water measured using in situ ATR-FTIR spectroscopy.

Measured (dashed lines) and simulated (solid lines) solute concentration profiles of batch operations performed with varying cool-

ing rates. (b) Simulation of the primary nucleation rates. Regimes R1 and R2 correspond to dT/dt ¼ �5, �7, and 10�C/h and dT/dt
¼ �25 and �30�C/h, respectively. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the simulated nucleation rates differ significantly (and consis-
tently with theoretical consideration about the effect of the
cooling rate on the intensity of primary nucleation).

For both regimes, the kinetic parameters were computed
using simultaneously up to four model/experiments data sets
feeding the optimization procedure. It is interesting to note,
arguing from analogy with the theory of fluid mechanics,
that the experimental results were not reproducible and
exhibited erratic behaviors for intermediate cooling rates
between �12 and �20�C/h. The crystallization mechanisms
governing such ‘‘intermediate regime’’ would probably
deserve to be more deeply investigated.

The optimal set of primary nucleation parameters corre-
sponding to the simulation of the second crystallization regime
R2 is not fully satisfactory. Indeed, the simultaneous optimiza-
tion of batch runs performed with R 	 20�C/h did not allow
reproducing satisfactorily the whole set of experimental data.
As displayed in Figure 5, the simulated trajectory C(t) is over-
estimated for dT/dt ¼ �25�C/h, whereas it is underestimated
for dT/dt ¼ �30�C/h. The nucleation parameters seem there-
fore to result from a compromise, rather than from a satisfac-
tory representation of the crystallization kinetics.

The modeling difficulties encountered in the case of re-
gime R2 suggest that the crystallization of AO at ‘‘high’’
cooling rates could involve more complex solid generation
mechanisms than regime R1. To analyze the differences
observed between R1 and R2, the nucleation model for R2

was assumed to be the result of primary homogeneous mech-
anisms generating a first population of particles, followed by
secondary nucleation. Equation 13 was thus introduced in
the computation of Eq. 17 giving the overall rate of nuclea-
tion RN. Accounting for secondary nucleation mechanisms in
the modeling of regime R2 allowed to fit the set of experi-
mental data with a much better accuracy than previously.
Nevertheless, the obtained simulation results were not fully
satisfactory and, in particular, did not allow consistent mod-
eling of the CSD variations as a whole.

Parameter estimation based on both experimental solute
concentration profiles and CSD data

As already mentioned, the CSD of the final particles was
partially assessed using automatic off-line image analysis
and human visual processing of the video pictures acquired
during the crystallization experiments. Six examples of
measured CSD histograms corresponding to six cooling crys-
tallization processes are displayed in Figure 8. It is recalled
that typical pictures of the growing crystals in suspension
were also presented in Figure 1. Because of the wide range
of operating conditions, one could expect the spreading of
the CSD to increase significantly from low to high cooling
rates. However, Figure 8 shows that even though the width
of the CSD increases with the cooling rate, this increase
remains moderate. This experimental observation suggests
again that secondary nucleation could play a key-role during
the whole crystallization process.

Now, a close observation of the in situ video pictures dis-
played in Figure 2a does not clearly allow conclusion about
some noteworthy difference between the mechanisms of par-
ticle generation during R1 and R2. On the one hand, it seems
that the fines content is slightly increased when the cooling
rate is low. On the other hand, the scanning electronic micros-
copy (SEM) pictures displayed in Figure 2b show significant
amounts of aggregated fine particles suggesting the onset of
secondary nucleation during regime R1.

To investigate more deeply, the nucleation mechanisms,
the solute concentration measurements together with final
CSD data were taken into account for the minimization of
criterion (18). The estimation procedure yielded consistent
simulation results. The related parameter estimates are pre-
sented in Table 1 where lines 2.1 and 2.2 give the estimated

kinetic parameters for the two regimes R1 and R2. The confi-

dence intervals are also displayed in Table 1. It can be seen

that the two pre-exponential parameters Ahom and ASN are

much more uncertain than the growth rate constant kg and

the exponents i and k. In contradiction with the previous

approach, it now clearly turns out that no satisfactory fit

between the sets of experimental and simulated CSD data

during R1 could be obtained assuming a single primary

nucleation mechanism. The introduction of secondary nucle-

ation in the model turns out to be the only way of explaining

the spreading of the measured CSD. Rather realistic particle

sizes can now be predicted by the model, thanks to the simu-

lation of prevailing secondary nucleation. Typical simulation

results are thus displayed in Figures 8, curves 1 to 6.
Despite the rather poor quality of the CSD measurements,

it seems reasonable to put forward that the results of the pa-
rameter estimation ‘‘have the ring of truth.’’ First, because
even though the identification was performed separately with
two sets of experiments performed in regimes R1 and R2, the
three parameters required by the expression of the secondary
nucleation rate are unexpectedly identical. Second, because
both the exponent and the growth rate constant resulting
from the optimization procedure are almost equal. Indeed,
according to the confidence intervals given in Table 1, the
two estimated values of the growth rate constant (i.e., 2.56
and 2.74 
 10�5 m/s) can be considered as equal. This is
quite consistent with the slight difference between the two
CSD profiles displayed in Figure 9a, showing that given the
lack of accurate CSD measurements, even 20% uncertainty
about kg does not change significantly the simulated CSD
profiles. Indeed, Figure 9a shows two plots of CSDs

Figure 6. (a) Measured (dotted lines) and simulated evo-
lutions of the supersaturation ratio b for six
experiments performed with varying cooling
rates: 25, 27, and 210�C/h (regime R1) and
220, 225, and 230�C/h (regime R2); (b) simu-
lation of the variations of primary (solid line)
and secondary nucleation rates (dotted line).

In inset: simulation of primary and secondary nucleation

rates for regime R1. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary. com.]
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simulated with kg ¼ 20 and 25 m/s during an experiment
performed with the cooling rate dT/dt ¼ �7�C/h (regime
R1). The two plots cannot really be considered as different.

Figure 7 displays the temperature variations of two impor-
tant integral parameters computed from the simulated evolu-
tion of the CSD during the experiments presented in Figure
6. Consistently with the nucleation theory, the onset of the
primary nucleation burst occurs at higher supersaturation lev-
els when the cooling rate is increased, which increases the
initial number of particles and, consequently, decreases the
final average particle sizes.

Figure 8 shows the fit obtained between the experimen-
tal CSD data and the PBE simulation at the end of the
batch process. The results are somewhat imperfect and
deserve to be explained in more details. The performances
of the image processing method used to characterize the
particle sizes were reported to be rather encouraging.50

Nevertheless, measuring automatically the CSD at the end
of the process (i.e., with high solids content) remains quite
difficult, due to the many overlapping particles. Moreover,

the tremendous computation time required by the tech-
nique did not always allow satisfactory extraction of CSD
estimates. As outlined earlier, due to the difficulties aris-
ing from the anisotropy of the particles, human visual ex-
pertise remained the best way of solving recognition prob-
lems which cannot easily be solved through automatic
image processing. Such expertise is clearly a very tedious
burden; this is the reason why the number of particles
processed for reconstructing the CSD (i.e., 900–1000 par-
ticles) was rather limited and yield the poor and very
noisy data displayed in Figure 8.

A second difficulty related to the use of the experimental
CSD data arises from the reduced rangeability of the meas-
ured sizes, which was also outlined earlier. The very small
particles do not appear in the video images, due to impossi-
bility of seeing objects smaller than one pixel (2 lm). Even
the particles with size up to 10 lm are blurred and many of
these particles are masked by bigger crystals. Therefore, the
estimated number of small particles cannot be considered as
fully reliable. However, fitting the weight distribution rather

Figure 7. (a) Simulation of the overall number of particles generated during the batch operations displayed in Fig-
ure 6 and (b) Simulated number- and weight-average particle sizes (dotted and solid lines, respectively).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 8. Comparison between the ‘‘measured’’ (bargraphs) and simulated (dotted lines) CSDs related to the batch
operations displayed in Figure 6.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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than the number distribution allowed getting round this prob-
lem because the contribution of small particles to the
weight-CSD is thus negligible, as displayed in Figure 8.

In addition to the previous limitations, measuring par-

ticles exceeding 1–1.2 mm is clearly impossible, as

explained earlier. One cannot therefore validate the model-

predictions of the number fraction of the biggest particles

in suspension. To cope with this latter difficulty, the crite-

ria quantifying the mismatch between the simulated and

measured CSD (i.e., the second part of Eq. 18) was com-

puted inside the size bounds (25 and 110 lm), where the

corresponding distribution functions were renormalized.

Obviously, the two improvements brought to the computa-

tion of Eq. 18 cannot be considered as fully effective for

solving adequately the difficulties raised by the poor quality

of the video CSD measurements, but they clearly made the

convergence of the optimization procedure much easier,

and allowed obtaining the rather acceptable results which

are displayed in Figure 8.
The simulation results presented in Figures 8 and 9 seem

to underestimate the contribution of large particles to the

overall CSD. It is clear that ‘‘renormalizing’’ the size distri-

bution, when the right-hand side part of the distribution is

missing, boils down to distort the experimental CSD in such

a way that the modal size becomes overestimated. Figure 9b

illustrates this point and shows that withdrawing the right-

hand part of a lognormal distribution yields a distribution

profile that can roughly be compared with the experimental

results displayed in Figure 8.
Finally, it was also outlined earlier that the orientation of the

elongated particles in the optical measurement cell leads to

underestimate the real particle sizes. This problem cannot be

considered as fully unpredictable because the flow of suspen-

sion in the measurement cell of the probe is likely to be ori-

ented. However, reconstructing the real size distributions from

the measured projected crystals would require a very signifi-

cant modeling (e.g., CFD simulations) and mathematical work

(i.e., reconstructing the true CSD from the measurements

would require solving some complex inversion problem). Such

a study was not performed during the present work.
The estimation of the growth rate parameters can also be

discussed. As two different crystallization regimes were
clearly identified, the steadiness of the crystal growth rate is
rather unexpected: one could think that the transition from
R1 to R2 corresponds to some change of growth mechanisms.

For the same reasons, one could expect the secondary nucle-
ation process to change with the rate at which supersatura-
tion is generated. The opposite is shown by the model: the
primary nucleation rate is found to be the only mechanism
depending on the cooling rate while neither secondary nucle-
ation nor crystal growth rates seem to differ during the tran-
sition from R1 to R2. SEM and atomic force microscopy
(AFM) observations were performed to evaluate possible
change of crystal surfaces or shapes, but these observations
did not bring clear answers to the question.

Despite the undeniable coarseness and distortion of the
CSD measurements, the model-predicted CSD profiles
displayed in Figure 8 are all the same consistent with the
experimental observations. It is clear that the CSD measure-
ments bring essential quantitative information about the
basic crystallization phenomena involved during the crystal-
lization batch operations. Without such information, no reli-
able kinetic identification would have been obtained. In all
honesty, the quality of the CSD analysis performed during
this study is rather poor, but it is well-known that today the
problem of measuring in-line the ‘‘true’’ CSD remains
unsolved. For example, Ref. 3 was quoted earlier to provide
valuable results and comments about the necessity of meas-
uring the CSD for appropriate nucleation and growth param-
eter estimation. One could object however that the authors
do not use true CSD measurements, but FBRM CLD experi-
mental data (The FBRM probe yields chord length distribu-
tion, not CSD), which are known to give a distorted repre-
sentation of real CSD. Despite the serious limitations of the
FBRM the estimation results reported by Nagy et al.3 are
really interesting. It is reasonable to think that the same
observation can be made about this study: even though the
CSD computed using image processing is rather rough and
approximate, the obtained experimental size data undeniably
allow deeper analysis and quantitative kinetic identification
of the nucleation mechanism is in question.

Figures 6 and 7 suggest that secondary nucleation occurs
significantly for both high and low cooling rates. This point
is also illustrated in Figure 10 where the prevalence of sec-
ondary nucleation is predicted to increase for decreasing
cooling rates. According to the nucleation model (13) and
using the parameters given in Table 1, two nucleation peaks
can roughly be observed during the development of the
batch process, but the discontinuity between the two phe-
nomena is not clear-cut: one can see in Figure 7 that after
reaching the maximal nucleation rate, a short period of
decrease of primary nucleation is immediately followed by

Figure 9. (a) Batch cooling experiment performed with dT/dt 5 27�C/h; ‘‘measured’’ and simulated CSD.

Two simulations of the final CSD obtained with kg¼2.2 
 10�5 and 2.6 
 10�5 m/s show the sensitivity of the computed CSD to

the growth rate parameter. (b) Effect of the truncation of lognormal CSD and overestimation of the fraction of modal sizes: it is

simulated that particles larger than x ¼ 3 cannot be measured. (x[ 3 , f(x) ¼ 0, with arbitrary units for x). [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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an important increase of secondary nucleation. Then, the par-
ticle number increases sharply and reaches rapidly a ‘‘quasi
steady-state’’ plateau, where few secondary particles are
finally generated, due to the low level of supersaturation dur-
ing the final cooling process.

Consistently with previous remarks, an interesting simula-
tion result displayed in Figures 8 and 11 should also be out-
lined: the contribution of secondary nucleation to the overall
generation of particles increases significantly when the cool-
ing rate (i.e., the average level of supersaturation) decreases.
The ratio between the number N2 of particles issued from
secondary nucleation, and the number of primary particles
N1 is given in Figure 11 at 35�C (¼ a temperature at which
the solute concentration almost coincide with the solubility).
This ratio is of the order of 10. This ratio results from differ-
ences in the nucleation processes displayed in Figure 10: the
secondary nucleation rate is about six times higher than the
primary nucleation rate when the cooling rate decreases
from dT/dt ¼ �5�C/h to dT/dt ¼ �30�C/h. Moreover, it is
interesting to note that Figure 11 underlines the transition
between the two regimes. It can be seen that the PBE model
predicts slight decrease of the ratio N2/N1 during regime R2

for increasing cooling rates, whereas it predicts high but
strongly decreasing values of the same ratio during regime
R1 when the cooling rate increases from �5 to �10�C/h. As
far as process control is concerned, these observations have
important consequences: it is usually assumed that reducing
the cooling rate moderates the nucleation process and there-
fore reduces the spreading of the CSD. The results displayed
in Figures 6 and 8 tend to weaken this assertion: even
though the overall rate of nucleation increases with the rate
of generation of supersaturation, the benefit of reduced pri-
mary nucleation is partially cut-down by the effects of sec-
ondary nucleation. The latter is therefore likely to reduce the

efficiency of advanced temperature (and supersaturation)
control strategies.

Conclusions

The dynamic modeling of the batch cooling solution crys-
tallization of AO in water was developed using PBEs. The
estimation of nucleation and growth parameters was per-
formed using ATR-FTIR measurements of solute concentra-
tion and final CSD data computed from in situ video images
of the crystallizing suspension. The PBE model allowed ana-
lyzing the respective contribution of supersaturation meas-
urements and CSD data to the kinetic characterization of
crystallization processes. In particular, the contributions and
limitations of complementary sensing strategies to under-
standing and characterizing the nucleation and growth mech-
anisms were examined.

It can first be concluded that reliable evaluation and analy-
sis of crystallization kinetics require measurements of both
the continuous liquid phase and the solid dispersed phase.
Even accurate continuous measurements of the solute con-
centration (which are not so frequently reported in the open
literature) cannot be claimed to allow comprehensive estima-
tion of the set of kinetic parameters involved during crystal-
lization. Through the case-study presented here, it appears
that the knowledge of the time variations of solute concen-
tration allows, at best, evaluating a combination of parame-
ters of the kinetic laws involved, but not their separate char-
acterization. In particular, for simple primary nucleation and
growth models, CSD data were demonstrated to be essential
to resolve the entanglement of the nucleation and growth pa-
rameters. Even though the proposed mathematical demon-
stration is not claimed to cover any nucleation and growth
kinetic situations, it is shown in Appendix that solute/solvent
systems governed by simple kinetic laws like Eqs. 7 and 8
cannot be fully characterized using supersaturation data.
However, the demonstration was only possible because the
rate expressions (7) and (8) depend on the supersaturation
profile only. Should the nucleation or growth rate expres-
sions depend on other time-dependent variable (e.g., the
overall solid concentration or area, the temperature, etc.),
then the proof would no more be valid. In this latter case, it
is likely that, paradoxically, very accurate measurements of
solute concentration could allow identifying the nucleation
and growth parameters.

Figure 10. (a) Contribution of both primary (dashed
lines) and secondary nucleation (solid lines)
mechanisms to the overall generation of
particles (N1 and N2 are the total numbers of
particles generated through primary and
secondary nucleation, respectively).

Inset: Magnification of the variations of the number of

particles generated through primary nucleation. (b)

Effect of the cooling rate on the prevalence of second-

ary nucleation. Indices (1)–(6) refer to increasing cool-

ing rates from �5 to �30�C/h (see Figure 6). [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 11. Values of the ratio between the numbers of
primary and secondary particles: model-pre-
dictions at temperature T 5 35�C against R
5 2dT/dt (below 35�C, the supersaturation
remains almost negligible).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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Second, despite the major restriction outlined earlier, the
availability of accurate continuous supersaturation measure-
ments allowed discriminating between possible nucleation
mechanisms, even in the absence of CSD measurements. In
this case-study, two crystallization regimes were thus
observed, depending on the cooling rates. Nucleation phe-
nomena occurring at higher cooling rates appeared to be
more complex and more difficult to characterize than phe-
nomena occurring at low cooling rate.

Third, thanks to both supersaturation and CSD measure-
ments, the PBE simulation provides valuable understanding
of the development of the crystallization process. Nucleation
and growth kinetic parameters were thus estimated and the
predictive features of the overall PBE model were found to
be satisfactory. It seems reasonable to put forward that even
really imperfect experimental CSD data can be highly valua-
ble for kinetic estimation purposes. It was shown earlier that
even incomplete, approximate, and noisy data allow design-
ing a crystallization model which, in many ways, exhibits
complex dynamic features.

Finally, as far as the AO/water crystallization system is
concerned, several interesting points were observed and
quantified. The cooling crystallization process turns out to be
rather complex and raises many theoretical questions. It was
shown in particular that the system is subject to two differ-
ent kinetic regimes, depending on the cooling rate (i.e., the
rate of generation of supersaturation). An intermediate irre-
producible regime was also found to occur between the two
previous ones. Such observation would deserve to be more
deeply investigated.
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Appendix

The solid concentration Cs(t) is computed after integrating
the whole set of particles in suspension at time t. Denoting
by v(L) the volume of one single particle of size L, fv its
volumetric shape factor (p/6 for spherical crystals), and qS

the specific mass of AO, one can write

vðL; tÞ ¼ /vLðtÞ3 ) mðL; tÞ ¼ qs/vLðtÞ3
(A1)

Therefore, after integration of the set of size-distributed par-
ticles and referring the PDF w (L,t) [in (# m�1 s�1) m�3] to
1 unit volume of suspension

CsðtÞ ¼ mTotalðtÞ ¼ qs/s

ZLmax

0

w L; tð Þ LðtÞ3dL (A2)

Whatever the kinetic expression of the growth rate, one can
generally write G(t) ¼ kg g(b(t)) ¼ dL/dt, where g(b(t)) rep-
resents the effect of supersaturation b(t) on the crystal
growth rate [e.g., g ¼ b þ 1, g ¼ (b þ 1)2] and kg is the
growth rate constant (m/s).

It follows that

CsðtÞ ¼ qs/s

ZLmax

0

w L; tð Þ LðtÞ3dL ¼ qs/s

ZLmax

0

w L; tð Þ
Z t

m

GðsÞ ds

2
4

3
5

3

dL

(A3)

where m(L,t) is the nucleation time of the particles with size
L(t).

The PDF is defined as w L; tð Þ ¼ n L;tð Þ
dL

¼ RNðtÞ dt
dL )

w L; tð Þ dL ¼ A:nðtÞ dt, where parameter A is here considered
as constant and n (b(t)) depends on supersaturation only

(e.g., n ¼ exp �B
ln bð Þ2

� �
).

The following expression of Cs is obtained, where tfin is
the final batch time

CsðtÞ ¼ A qsus

Ztfin
0

nðbðtÞÞ dt

Z t

m

kg gðbðsÞÞ ds

2
4

3
5

3

¼ k3
gAqsus

Ztfin
0

nðbðtÞÞ
Z t

m

gðbðsÞÞ ds

2
4

3
5

3

dt ¼ k3
gA qsus vðbðtÞÞ

(A4)

The goal is to estimate A and kg from measured concentra-
tion profiles, the time functions b(t) and Cs(t) are thus
derived from fixed experimental data such that the following
ratio v (b(t)) is constant

vðbðtÞÞ ¼ CsðtÞ

qsus

Rtfin
0

nðbðtÞÞ
Rt
m

gðbðsÞÞ ds

� �3

dt

¼ k3
gA (A5)

The product kg
3 A is therefore constant for given nuclea-

tion and growth expressions and experimental solute con-
centration trajectory C(t). Consequently, measuring C(t)
yields kg

3 A, and does not allow estimating separately kg

and A.
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